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Section |

10 Marks

Attempt Questions 1-10

Allow about 15 minutesfor this section

Use the multiple-choice answer sheet for Questions 1-10

1 Which of these ellipses has foci (0, + 3)?

A)8x%*+y?=8 B) 5x% + 4y? =20
C) 16x?% + 25y? = 400 D) 25x? + 16y = 400

2. Find '[cotxdx

A)—cosec?x+c B) —In(cosecx) + ¢ C) %cot2x+c D) In(secx) +c
3. The speed of a particle moving in a horizontal circle with radius 6 cm is
48 cms 1.

How many revolutions per second does this particle make?

A) 4 B) 240 C) 480 D) 480n

4. The polynomial equation x® — 2x2 + 3 = 0 has roots a, B and .

What is the value of o3+ B3+ y3?

A) -2 B) —1 C)-8 D) 8

¢ dx
5. Evaluate | ———.
! X/ 1+ (In x)?
[,2
A) - T i tanle B) In exve +1 c)l D) In(1++2)
4 142 4
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6. What is the simplest expression of

Arg [%} + Arg [ 1_ 2} + Arg (
+1 (1+i)

A) T B) - T
) -2 ) -

7. The Argand diagram below shows the complex numbers o and oz 2.

1

A)

C)

Q
NN
< (w) « () «
N
Q
y
o

ah

1
+ .t Arg| — =
(1+i)3J £ {(1+i)20

c) T
)4

Which of the following best represents

the positions of z and o?

s
o
-
N
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8. The diagram shows a shape made by 13 points.

How many triangles can be made with these points as vertices?
A) Bcy-3°c3-3 B) 13c3-2°C;-4
C) 13c3-3°c5-4 D) 13c53-3%C5-5

9. The base of a solid is the region bounded by the parabola x = 4y — y? and the y axis.

Vertical cross sections are right angled isosceles triangles perpendicular to the
X axis as shown.

4

Which integral represents the volume of this solid?

4 4 4 4
A) j 24— x dx B) j 7 (4-x) dx C) J'(8—2x)dx D) J'(16—4x)dx
0 0 0 0
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X cot xX?

Which of the following shows the graph of y

10.

D)

N/

M/

End of Section |
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Section |1

90 Marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a separate writing booklet. Extra writing booklets are available.

All necessary working should be shown in every question.

Question 11 (15 marks) Use a SEPARATE writing booklet Marks
@ The complex number z is given by z=—3+i.
Q) Express z in modulus argument form. 2
(i)  Hence show that z’' +64z=0 2
(b) Find values A, B and C such that:
8(1—x) _ A-Bx X 3
(2-x)(2-2x+x) (2-2x+x*) (2-%)
(© Factorise Z°+4iz+5 over the complex field. 1
(d) Using the substitution x=2sin &, show that 4
[*- X _ax=r-\B
-1 4_ X2
(e) Sketch the region in the Argand diagram defined by Zz+2(z+Z) <0 3
End of Question 11
Knox Grammar School page 6
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Question 12 (15 marks) Use a SEPARATE writing booklet

. X X
@ Use the substitution t=tan— to evaluatej - d : 3
2 1+sin X+ Cos X

(b) Consider the equation Z° +mz® + nz+6 =0, where mand n are real. 3
It is known that 1—i is a root of the equation. Find the values of mand n.

(© The area bounded by the curve y = sec? x, the x-axis, 4

X = % and x = g is rotated about the line x = = to form a solid.

| .
T

X

of ©=x
473

Use the method of cylindrical shells to find the volume of the solid.

Question 12 continueson page 8
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Question 12 (continued)

(d)

End of Question 12

End of Question 12
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Question 13 (15 marks) Use a SEPARATE writing booklet

@ ) Letl, =] x"Ji-xdxfor n>2. Show that 3
I, :Mxln_3 for n>5
2n+5
(i) Hence find 1, 2

(b) The graph of a certain function y= f (x) is shown below.

y

Sketch the following curves:

N oye b

(i) y= 0 2
(ii) y=1In[1-f(X)] 2
(i) y2 =1 +f(x) 2

Question 13 continues on page 10

Knox Grammar School page 9
Mathematics Extension 2
Higher School Certificate Trial Examination



Question 13 (continued)

(©  Two circles C and C, meet at P and S. Points 4 and R lie on C, and points B and Q lie
onC,. AB passes through § and AR produced meets BQ produced at C, as shown in the

diagram.
(1)  Prove that ZPRA= ZPQB . 2
(i)  Prove that the points P, R, Q and C are concyclic. 2
End of Question 13
Knox Grammar School page 10
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Question 14 (15 marks) Use a SEPARATE writing booklet

(@)

PQ is a smooth vertical rod. Particle A of mass mis attached to a point P by a string

of length | and A is also attached by a second string of length | to a smooth ring B of
mass M which is free to slide on the rod PQ without friction. A is set in motion in a
horizontal circle about PQ with constant angular velocity w. B is in equilibrium.

T, and T, are the tensions in the strings AP and AB respectively when AP makes an
angle @ with the vertical.

Q) Draw diagrams showing the forces acting on each of A and B. 1
(i) Henceshowthat T,—T, =9 T 4T, =me’and T, = 19 2
cosé cosé
(iti)  Deduce that d = 2—?(“ ZMj 2
@ m

Question 14 continues on page 12
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Question 14 (continued)

(b) A particle’s resistance to motion in a medium is proportional to mv?where mis

the particle’s mass and V is its velocity at time t.

Q) Initially the particle is projected downwards in the medium where 1
the speed of projection is equal to the terminal velocity V; .
Show that V;? = %Where k is the constant of proportionality.
The particle is now projected vertically upwards in the same medium.
2 2
(i) Show that x:V—TIn % : 2
20 \V[ +v
VZiiIn2 o
(iii)  Hence show that H = where H represents the particle’s 1
29
maximum height above its point of projection.
(iv)  Show that during the particle’s ascent V=V, tan [%—gt} : 2
T
2
(v)  Hence show that fVT ~=1+sin 29,1, 2
Vi +v V;
(vi)  If Tis the time taken to achieve half its maximum height, show that 2
Vo
T _gsm (\/5—1).
End of Question 14
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Question 15 (15 marks) Use a SEPARATE writing booklet

@ () If 0<a<b showthat 2 <> 2
1+a 1+b
(i) Hence or otherwise show that a . b + ¢ where a<b+c and 2

1+a 1+b 1+c
a,b,c>0

(b) An urn contains 5 balls numbered from 1 to 5. A ball is chosen at random and its
number is noted. The ball is then returned to the urn. This is done a total of five times.

0] What is the probability that each ball is selected exactly once? 1
(i) What is the probability that at least one ball is not selected? 1
(ili)  What is the probability of obtaining 1,1,2,3,4 in any order? 1
(iv)  What is the probability that exactly one of the balls is not selected? 2
()
(04
and ZROS = «.
(i) 1
(i) 1
(iii) 2
(iv) 2
End of Question 15
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Question 16 (15 marks) Use a SEPARATE writing booklet

@) The nth Fermat number, F., is defined by F, =2 +1 for n=0,1,2,3..., 4
where 22" means 2 raised to the power of 2",

Prove by mathematical induction, that for all positive integers:
FoxFExFx.xF  =F -2

(b) A coin is tossed six times. What is the probability that there will be more tails
on the first three of the six throws than on the last three throws? 3

() Let x=cos#+isin@ for 0 <@ <2, and let n be a positive integer.

(1) Show that x* + —l; =2cos k@, for any positive integer k. 2
X

(11) Show that 3

(111)  Deduce that 1
2n 2n
Jcos(Zn—2)8+( 5 Jcos(,’ln—4)9+

1
2 2
L+ 7 c:os29+l 4 .
n-1 2\ n

2 1cos™8 = cos 2n€+[

2n
. 2n
(iv)  Hence show that J cos”"0dé =—gﬁ[ ] 2
0 2 n
End of Paper
Knox Grammar School page 14
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STANDARD INTEGRALS

n _ 1 n+l . :
Jx dx =-31* nz-1; x#0,1fn<0
Idx =]
5 =lnx, x>0
ax 1 o
J'e dx =Ee , a#0
Jcosaxdx =a—sinax, az0
([ 1
sinaxdx =——cosax, az0
o
( 1
sec®ax dx =a—tana.x, a0

1
secax tanaxdx =-a-secax, az(

1 1 _,x
fﬁdx =Etan IE, az0

[ . x
=sin pl a>0, —a<x<a

——-—---—1 dx
[22_ 2

.

d—:w/_zlﬁ-dx =ln(x+\!x2—a2), x>a>0
1 &
Vx?+a?

~

=1n(x-+-\!.7c2 +a2)

NOTE : Inx=log,x, x>0

Knox Grammar School page 15
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2014 Year 12 Mathematics Extension 2 HSC Task 4 Trial HSC Solutions

Suggested Solution (s) Com- Suggested Solution (s) Commen
ments ts
1.D 2.B 3.A 4B 5D 5. D
6.A 7.C 8.C 9.C 10.D dx
u=Inx,..du=—
1. D ) X
2 2 j ———dx
25x* + 16y* = 400is equivalent to ==
P 1 X ‘\’ 1+In 2 X
— + === 1 which has its foci on the y axis.
16 25 % s 1 ‘/__
2 = — — i e— = - =
e w35 %0 © s | \/__ |:ln(u+ l+u ):l
focal length is ae, ae=5 X §= 3 0 1+u
So fociare (0, £3 ) = In(l+y2) - In1l
= In(1+/2)
2. B
cosx 6. A
[eotx dx = I —— dx
Sin x
=ln(sm1x)+c ( 1 ) Arg 1 - arg(1+) = 0_15 =_§
= In( “) +c 1+
coZ8C
=In 1 —In(cosec x) + ¢ N2
=— In(cosec x) + ¢ - =Arg 1 —arg(1+1) =0-
3. A xZ = E
4 2
As v = r then 1 ~20
= 1- 1+i}*=0 -
4870 = 6 that is @ = 817 rad/s Arg (1+1) ] Arg 1 - arg(1+])
Now, the angular velocity is 8% and - 207
L . 20X = =-—
as each revolution is 2% radians then 4 4
the particle makes 4 revolutions per second. 1 1
Let S = Arg (__,)+Arg +ot
1+ (1+i )2
4. B |
Arg 5
x*-2x2+3=0thatis x*~ 2x 2+ 0x +3 =0 (1+i)20
Thismeans a4+ 8 +y =2 =_E_&™ &= W
af + By + ay = Oand afy=-3 _ a ?
Now as & is a solution of the equation then o (1+2+3+ --120)

a—-2a*+3= 0, so aB—Ztlz 3
Similarly, 8% =282 —3& y3 =242 — 3

Therefore,
@+ 8 +y’ = 2(a®+ B +7*) -9
But {2+ B84+v)’=a?+82+y2 +

2(aB + By + ay)
So (2)* = a* + B2 +v? +2(0)
thatis a> + 8% +y% =4
Hence, a® + 8° +y? = 2(4)—9=--1

(This is an Arithmetic Series with 20
terms,

the first is a= I and the last being 20,
50 the sum is —2 (1 +20)=210)

Therefore, S=—Z2 (210) =— 521 g,
n 2
But an Arg is always between —f and n

Hence, S = 26 revolutions —:— ==

2
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7. C

Arg (az?) = Arg (a) + 24rg (2)

So option A is not correct as Arg (azz) in

the diagram is incorrect.

Mod (22%) = mod (&) X (mod (z))*

and mod (a) = 1 this means

Mod (az?) = (mod (2))? but Mod (@2?) < 1
Hence (mod (z))? < 1

and so (mod (2))* < mod (z)

Only the diagram in option C satisfies this
condition.

8. C

13 points can form combinations of 3 in
Be, ways.
But 5 points in a straight line cannot form a
triangle, and there are 3 such lines. So 3
X 5C3
must be subtracted from the total.
Also 3 points in a straight line cannot form a
triangle, and there are 4 such lines.
So 4 x? Cs;=4 must be subtracted from the
total,
Hence, the total number of triangles that can
be formed is

PC,-3°C,-4.

9. C

The area of 1 cross section = % (y2 - y1)2

Find an expression for y, and y; in terms
of x. b

x=4y—y2 SO y2—4y+x=0

4/T6—ax
Hence y= —

_ 2=

2

y=2+J/a—x

So y;=2+V&—x andy, =2
—Ja—x .
Hencey, -y =2 vV4—x

The area of a cross section = =

() 2

=2(4-x)

4
So the volume = [(8-2x)dx
0

10.D

The graph of y = x cot x can be found
using the

“multiplication of ordinates” method

Alternatively as y=cotx and y=x
are both

odd functions, y = x cotx must be even.

From the four options provided only D
represents ‘

an even function.
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Suggested Solution (s)

Comments

Question I
. v
a) 1) 2¢is -Zl':/

'.i) 27+64%

= 2_’0‘5% + L'P(lci_(iél)
IQY(GD("%) + ci;(é;_,."'))
:(28(00;-"5 -isin o+ (A)%‘FCSMJ_G")

- st mmx)’%
é 6

Lo

-
p==t

=12 9((,051_;: ’anrd

“{r¢ xo
=0

a5 $in 8 < 5\n(120-0)
(ny § < ba;(-e)
Sialca)=-sin0
Cos (180 -6 )=—~C0s

(6) Let 20 -x)= @-Bx)(2- x*)~
Cx (2-2:c4 )

= (z +5¢;)(1“.‘)

/

-4

when

)
x =0 QEZﬁ ‘«’.A:q' \/
x=| @0 =4-8 -¢C

T BFC o= b -——@ /
X==| (b= w+B+5C

B+%e= (L *-—"""@ /
®¢.-@ e -8 .° c"'l)g:z

A=+ R=2,c"2
(C) 12+4Lz'+5 d -

(0() X = 2500 JL:—")

So

"

*r

ja
-
6

) 22 +2(z+2) < ©

/

dx ’

d-ﬂ.' = 2wsd )(::5, 0 =_“_z!'
3 2
(S
-1 Y x>
4sin* @ .L(,ose.cl@

,, 4(i~ Sinvg

s‘m’G (,o)/é JO /

p
f 2
-J‘F 47(9
o { _ 1 cos26 A6
- ’
6

6(\5&)\.0,\

T -{3

¥ 2 = xu,'j
[)Lii.j)()(— L7)+2(x

pcarJ:‘ +4¥%x £ O

+}:’+x-—i7)50
3+ x & +3L$ 4
2

(oc+2) 4+ d"'é‘-l— \/

J
] A

>
I
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Suggested Solution (s) ‘ Comments Suggested Solution (s) Comments

Queshon 12 (<)
(a) ,t= ‘llan —’:—:

d)l- = 2# / L |
> * I T
1+ 4 I rr :
d>
/ /4 SixX + cosx Us,m mb‘}hoc‘ O‘L Cy“nd“‘ocﬂ‘
| N / Sl«¢7?£:
- 1+ 24 4 AT rw '
(/ |+ AV l*’*v Av Aa
- 2 At 2w (r-x) Sx
1+AY L 24 +1-4Y

i AV = 21;(rr—")33"_ /

= ” z
/ ,3/(14'*) | Y = Qn/ E‘n‘-x,).Seczx ol
_ IV‘ J;+7[7' + C / :

- = In ‘|+Lh‘5;|+c"

| o
2”7‘ 3 Setx dx -

(L) Sine coel's ae real in I
/J+ L s also a root. * 27 Trlxsec";c o‘u /
So i (1o )(es) o = -6 / . T ¥ 1§
p":lelvo* < 20¢ = -b = 211’ ["'OV\.)( 7_':,’2”' EL"’QN)(JT:
N X = -3 ¥ v
S Anind et - Lr-’./.umxdx]
S ol bg4l -3 = = ¢
Sieenm A 32#2(5—1)-),17 2 —-I)
~ = @ -
o~ P(~;) = O ~2uw(/n (u:.s:;)]_:_
So ._274-7—3n+é=0 N “
In == 4 - 4 1 /
" = 17 2wt g, v
m =t g 2
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Suggested Selution (s) Comments Suggested Solution (s) Comments
(d) V) )‘j =c? ) L‘m‘/w(7 :
= C
. T‘ui
oo 9—‘7 ry=o b4 _ L
-—5 = —— - 2-/

_DLA] -4 AR QC
b x> 2. apllr@ Nl Be /

0} X = (f _ _C_, L
J= £ M= P oep ( I.\fqu-h on
P = --/E-Iv V/ /.,s,,\g./dqo,fj ov}‘ L7

PM”'J ‘lne; are N

VAS Rl Gt / e o pohis )
P‘y -—(.f; :")(""—P
-, )(4'/01; :2(f)
IQ 0’4 Q’ y:O .’-x,:lcp

..B(o,%‘)
H;dfﬂ‘-'»'l'a’" nB i)

x = 0+Z'cﬁch

J = %}0 =Fg
shich Lowe wwﬁd"w‘,{l JP‘/
-. PR =PR /

ad Ciae LPOR =96
A B,0 ae on o aincle

L%M p (l in “oway Cinel
ts 90°)
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Suggested Solution (s) Comments Suggested Solution (s) Comments
Queshontd | : lo-Y% T
(¢) (i) led m-r 2 1t S 15' T T 2
¢ IM= ¢ (-8 e 323
t-hene ° L = byt
»n-~ L 1('-)3)&’ BY 9
a= "7 V=X 2
= S g
,(,a.':(m-z)x-m'2 V.2 (195) T
-, q 2 ’ I} = /6-.” . J.
z»n =[-2% an_x;)‘z] / [6+s
7 © v ¢
"’l‘B 3‘: = e X
+ —%(’n"?—)‘/)t {) ’)L3) J)C /L’/‘ ‘f.):/
2 ‘fn“? i H _'é -}T)”
o : b)
2 / L ) | ;k /M\fmpwn)
= ’7 (’"‘b)f/ 7R3 ) ‘ ! N shape
o ’41 1 a zi v
- /;; (1- k3) o / \ I/\l
0 / “ N I
= 2 .
g () § Tz = 1o § (P
4ol |' |
I+ 2T, = ‘;(“W)l,‘- 4 |/\, spphes
N R, _
I
(2me5) T, @e -V,
, (leor] /.. M
- I, - . In— ‘/ t\)ou) v /M)W\PL‘LY
™ 2ntg 2 PMZ‘ b Jskapc
;) T ' ‘IQ - ‘_\— : . - k‘f)
! 4, =/l XM =>3) " dn A | N AN
_ N { ] : \X—
= % Lo-=], |
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Suggested Solution (s) Comments Suggested Solution (s) Comments

0055('\.0/1 (2 (COAHV\ULA)
(V) et [ PrA ==

L PSAH = (llS a\L Citcum. \/
suhtendef Ly arc A an qvo’)
ro L PSR clv0-ot (ﬂdjacen'/

Sdﬁpfewwx““w L'y ®©na

S/”Y)?(7/L7, /l’ng) /
::.LPQB:D( /OPP'["‘O[ \/
c\/clic quac‘- ot 5.JPPIWL~'J§a_I-7)
L LPRB =LPQR

) LPRC = (90 -X
(Adjacet Mo,u/emen#w?
Ls o~ o s/wréju (ire") /

/PQC = (66— &~
(Adjace b S pplowm inbon >
Lls an o Um:u;j(f (.‘ne,(

Since LPRC =LPQC /

re have C?UDJLSQUL('U\C(LJ

L7 PC, which wmeans

/{ £,Q and € are concyel
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14

e = _\,5_1 Il Eug(%-_}t)j-;— C
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) I PP ~
a(i+4)¢b(ita) inequality pact D ,
a +
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. b +_C ‘/
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. /
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0\16& Ao (éL
@Chen m=r, LHS=F R-U-S = F -2
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= = 2
" stotewemt (s Frue vhew m=l .
Assuae Fhe stotew ent is Frue Ffor m=lk NMQC\KC,CLPJ-O:,CVR

e, ﬂfo’lFLK"’)‘I’hﬂ :F‘z'L
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© @
By DeMoivre's theorem,
x* =(cos@+ isina)t = cos k@ +isinkf

x™* =(cos@+isin6) ™" = cos(~46)+isin(~k0) = cos k& —isin kO ‘/ ‘

o1
¢

x* +x7* = cos k@ +isin k@ + cos kO - isin kO /
=2cos k&

(ii) _

N g e R

R St S SRR

Using the result from part i, x"+—x-l-‘-==2mk0 in the identity from part ii: ‘

(2cos6)™ =(2;)(2mw)+[7'1"](zm(zn-z) 9)-!-(2;)(20«(2:: -4)0)+...+(”2:J(2m20)+(

2n
,\l)/
Dividing both sides by 2:

2" cos™ 0= mszw+{2:]m(2n— 2)0+(2;)m(2n—4)9+...+(:: )oazo+%(2:)

2n
I e N LR NI PRV W

idohly - |
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(iv)

. 2 ,. 2 1{2n
j 22 Los? B dl =J‘ ccsm-o-[2;’)00'(2!-2)0+(22")ms(2n~4)9+...4{” :'Jcosw-i--i[ N )de

¢ [

Since L" cosk8d8 =0 f\T/all even integers k, all the integrals on the right hand side are zero except
for the constant term. -

2x ix 2
2% cos™@dO = 1fen d6
o o 2\ n
ix
1G] /
FANE ]
)
=7
n
Dividing both sides by 2> ,

23
. 2
[ cos™*@d8 =—§f~,( ").
L] 2 "

<

|6



